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Abstract

A nodeless variable element is combined with an adaptive meshing technique to improve solution accuracy of the fi-
nite element method for analyzing two-dimensional elasticity problems. The nodeless variable element employs quad-
ratic interpolation functions to provide higher solution accuracy without requiring additional actual nodes. The flux-
based formulation is developed for the nodeless variable finite element to reduce the complexity in deriving the finite
element equations as compared to the conventional finite element method. The superconvergent patch recovery proce-
dure is implemented to compute accurate stresses from the nodeless variable finite element solutions. The effectiveness
of the combined procedure for providing higher solution convergence rate from the proposed formulation is evaluated

by two well-known examples.

Keywords: Nodeless variable finite element method; Flux-based formulation; Adaptive mesh; Stress analysis

1. Introduction

Prediction of accurate structural responses induced
by both the mechanical and thermal loads is important
in the design of many structures. The finite element
method has been used as a tool to predict the response
of aerospace structures caused by the thermal effect,
as well as the critical stresses on vehicle components
due to a combination of different load inputs [1-3]. In
the prediction of the stress solution, a conventional
finite element formulation with standard finite ele-
ment types has been frequently employed. The solu-
tion accuracy was improved by applying the 4-, p-,
hp- or r-versions of finite element analysis [4-7]. The
objective of this paper is to develop a procedure to
improve the predicted stress distribution by using an
alternative finite element method. The nodeless vari-
able finite element previously developed for heat
"“Corresponding author. Tel.: +66 0 2218 6610
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transfer analysis [8] is extended for the stress analysis
in this paper in order to increase the accuracy of the
predicted displacement and stress solutions. The
nodeless variable finite element uses quadratic inter-
polation functions to describe the displacement distri-
bution over the element without requiring additional
actual nodes. The paper also introduces and imple-
ments a flux-based formulation to derive the finite
element matrices for such nodeless variable element.
The flux-based formulation can simplify the finite
element computational procedure as compared to the
conventional finite element method.

To further improve the structural analysis solution
accuracy, an adaptive unstructured meshing technique
[5] is also incorporated. Such technique was first de-
signed for analyzing hyperbolic problems, and has
been modified recently for solving both elliptic as
well as parabolic problems. Finally, the superconver-
gent patch recovery procedure [9] is modified for the
nodeless variable finite element to improve the pre-
dicted stress solutions. The effectiveness of the com-
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bined procedure for providing higher rate of the solu-
tion convergence is demonstrated by two examples:
(1) a large plate with a small circular hole subjected to
unidirectional tensile load, and (2) a short cantilever
beam with a rigidly fixed side.

2. Finite element structural analysis

2.1 Governing equations and boundary conditions

Two-dimensional structural response is governed
by the equilibrium equations that can be written in
conservation form as,

OE) , F)

=0 1
ox dy O

where the flux vector components {E,} and {F}
contain the stress components given by,

(£} ={Z} and {F,} ={Z} @

The stress components ©; s Oy
strain components by Hooke’s law,

0, and oy, are related to

{o} =[Clie} 3

where {o} is the vector of the stress components,
[C] is the matrix of the material elastic constants,
and {&} is the vector of the strain components.

These equations are to be solved with the boundary
conditions that may consist of (1) the specified dis-
placements, # and v, in the x- and y-directions, respec-
tively,

u=u(x,y); v=v(x,y) 4.1)

and (2) the specified boundary tractions, Ts, and Ty,
in the x- and y-directions, respectively,

{TSX} o-xx O-xy {n’r}
TSy o-xy o-yy n}’
where n, and n, are direction cosines of the unit vec-
tor normal to the boundary.

4.2)

2.2 Nodeless variable flux-based finite element for-
mulation

A flux-based formulation [8] is implemented to de-
rive the corresponding finite element equations for a

nodeless variable structural finite element. For the
triangular element shape, the distribution of dis-
placements over the element in the x- and y-directions
is assumed in the form,

u(e )= YN @O =[N {a) 6D

6
v(x,0) = D Ny = N(x,y) | {v} (5.2)
i=1
where | N(x,y)| consists of the element interpola-
tion functions; {u} and {v} are the vectors of the
unknown displacements and the nodeless variables.
The nodeless variable interpolation functions imple-
mented in this paper are,

Ny=LL;; Ny=LL;; No=LL, (6)

Each nodeless variable interpolation function varies
quadratically along one edge and vanishes along the
other edges as highlighted by an example of N, in Fig.
1. To derive the finite element matrices using the
flux-based formulation, the method of weighted re-

siduals is first applied to Eq. (1),

jN [a{E} a{’;}jdg 0 )

where £ is the element domain. Gauss’s theorem is
then applied to the flux derivative terms to yield,

j Niwdﬁ - jNi{ES}nxdr - | a(;v : @®)

Q

jNa{F}dQ jN{F} dr- j

&)

where S is the element boundary. Substituting Egs.
(8)-(9) into Eq. (7) to yield,

Fig. 1. An example of N; interpolation function for a typical
triangular element.
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j a;zi (E}dQ+ jaNf (F,}dQ

2 a0 (10)
= [NAEgndl+ [N, {Fyindr
N N

The compact form of Eq. (10) can be written as,

(BT {o}dQ = [INT {T;}dT (1
Q N
where
— a7
W, W,
ox ox
oN, oN,
Bl=l o £ ... o L )
(5] 5 % (12.1)
N, AN, AN, A,
| dy ox dy  ox |
=M 0 .. N, 0 (122)
1o W, 0 N, '
woy=o, o, o, (12.3)
y=(r. 1.f (124)

In the flux-based formulation, the element flux dis-
tributions are computed from the nodal fluxes as,

{0} =[N1{G} (13)

where

D (T (Y

(M= 0 (W o (14.1)
o {0 Wy
{O-xx}l,Z,3

{0} = {O-};v}l,Z,S (14.2)
{O-xy}l,z,3

and the vectors {N}" and {0} are
(N}'=|N, N, N (15.1)
{0y =[0 0 0] (15.2)

By following the same idea, the boundary tractions
{T,} canbe written as,

{Ts} =[NIT} (16)

where [N] and {7,} are interpolation matrix and

Fig. 2. Discretization of boundary tractions into the actual
nodes and the nodeless variable on a typical element edge.

boundary tractions vector defined at the element
boundary, respectively. The interpolation functions in
Eq. (16) needed for integration along the element side
S are,

X X X X
Ny=l=g o Ny= N3—L[1 Lj (17)
where L is the length of element edge and x is the
local coordinate along the edge starting from node 1
as shown in Fig. 2. Substituting Eqgs. (13) and (16)
into Eq. (11), the finite element equations for the ele-
ment are,

[[B T IN1dQ15} = [INT [N1dT{T,} (18)

Q N

Appropriate boundary conditions of the given prob-
lem are then applied. Two types of the boundary con-
ditions considered herein are the specified displace-
ments and the specified boundary tractions, as given
by Egs. (4.1) and (4.2), respectively. These boundary
conditions are applied at nodes directly as performed
in the conventional finite element method. Finally, the
system equations are iteratively solved for the nodal
displacements and the nodeless variables using the
preconditioned conjugate gradients technique with an
element-by-element approximation [10].

3. The stress recovery and mesh adaptation

The stress recovery technique employed herein for
the nodeless variable finite element follows the idea
proposed by Zienkiewicz and Zhu [9], the so-called
superconvergent patch recovery procedure. The pro-
cedure is a stress smoothing technique that works
over element patches surrounding each node. A
smooth stress field over the element patch, o, is
defined by,
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o =|Pl{a} (19)
where {a} contains the coordinates to be determined
and | P|= Ll x ¥y X xy yZJ contains terms
of polynomials. Upon using the minimization process,
the set of the equations shown below is obtained,

(S1r1) =317

-1

(20)

where m is the number of sampling points in the patch.

A measure of the discretization error in the elastic
problem is referred as the Z*-error estimate which is
measured in energy norm. The percentage relative
error is defined by,

n= % x100
Jul..

where ||e|| . 1s the error in the energy norm and ||u|| n
is energy norm of the solution.

The mesh adaptation procedure proposed by
Phongthanapanich and Dechaumphai [5] is imple-
mented in this paper to generate proper element sizes
according to the solution behavior. The mesh adapta-
tion procedure requires the solution error, such as 7,
for guiding the mesh refinement and the regeneration
process. The technique was first designed for analyz-
ing hyperbolic problems, and has been modified re-
cently for solving both the elliptic as well as the para-
bolic problems. The mesh adaptation process is ter-
minated when the value of 7 is less than 5%, which is
reasonable for many engineering applications [11].
The proper element size required for the mesh adapta-
tion procedure is determined by the procedure pro-
posed by Zienkiewicz and Zhu [12].

(e2y)

4. Numerical examples

To evaluate the performance of the proposed pro-
cedure with the implementation of the adaptive mesh-
ing technique, two examples are presented: a large
plate with a small circular hole subjected to unidirec-
tional tensile load, and a short cantilever beam with a
rigidly fixed side.

4.1 A large plate with a small circular hole subjected
to unidirectional tensile load

A large plate with a small circular hole [11] sub-

Y YA
|
¥ 1 i i |
“| ™ | !
o=l 1 =1 f
- T - 3 }:
- =" 3yl g
- | . .
: I % 1\ N
o
1 3
() (b)

Fig. 3. A large plate with a small circular hole subjected to
unidirectional tensile load: (a) problem statement, (b) compu-
tational domain.

jected to unidirectional tensile load oz, = 1 is shown in
Fig. 3. The plane stress condition is assumed with the
Poisson’s ratio of 0.3. This problem is a well-known
benchmark test case for which the exact stress solu-
tions are,

2 4
o= 1—a—z(éc0526’+cos46’)+ga—4cos49
’ re 2 2r

2 4

a 1 3a
o, =——(—c0s20 —cos40)———cos40 22
=" (2 ) A (22)

»y

2 4
—12(1sin2¢9 +5in46) +3"7cos4e
re 2 2r

o,

where a is a radius of the hole, and (7, ) are the polar
coordinates.

The structured (S1, S2 and S3) and unstructured
(Ul and U2) meshes, as shown in Fig. 4, are used in
the finite element analysis for the stress solutions. The
example is also used to evaluate the performance of
the nodeless variable formulation on the structured /-
refinement meshes and on the adaptive unstructured
meshes. In this example, the first unstructured mesh
Ul has a high percentage relative error of 7= 7.53%,
which indicates the need for further mesh refinement.
After only one adaptive meshing step, the unstruc-
tured mesh U2 is obtained with an acceptable value of
1 = 1.00%. This second unstructured mesh U2 con-
sists of 168 nodes and produces only 5% error as
compared to the exact solution. Figs. 5(a)-(c) show
the stress solutions 0y, 0y, and &, along the radius »
= a obtained from the different meshes as compared
to the exact solution. The figures show that nodeless
variable elements on adaptive meshes can provide
accurate stress solutions with fewer elements as com-
pared to the others. The figure also highlights the
oscillated stress distribution that is normally produced
from the use of the standard constant strain triangle
(CST) finite elements. More realistic stress distribu-
tions are obtained from the nodeless variable ele-
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Fig. 4. Meshes used in the analysis of plate with circular hole.

(2) (b)

Fig. 5. Comparison of stresses along 7 = a for plate with circular hole: (a) o, (b) 5,,, and (c) o, (nodeless and CST FEs).

ments by the implementation of the stress recovery stress solutions obtained from using a nodeless vari-
process. Figs. 6(a)-(c) show a comparison of the  able and the standard 6-node triangular elements
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(2)

(b)

Fig. 6. Comparison of stresses along r = a for plate with circular hole: (a) o, (b) o, and (c) o, (nodeless and LST FEs).

Number of iterations

n
Mesh Nodeless LST Nodeless LST
S1 8.32 7.96 172 253
S2 648 6.34 305 539
S3 4.50 4.48 587 1018

Fig. 7. Comparison of the percentage relative errors and the number of iterations for example of plate with circular hole.

(linear strain triangle-LST) on the three structured
meshes. The computed percentage relative errors and
the number of iterations to achieve the error level of
10" (L, norm error measurement) are shown as a
table in Fig. 7. The solution accuracy obtained from
the two methods is comparable. However, the number
of iterations used by the nodeless variable method for
solving the system equations is almost a half fewer
than that used by the conventional method with the
LST elements.

4.2 A short cantilever beam with a rigidly fixed side

The second test case is a short cantilever beam with a
rigidly fixed side subjected to a compressive load of

-t
e
Ll —
—
-

| [
Fig. 8. Problem statement of a short cantilever beam with a
rigidly fixed side.
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Mesh S1 (U1) Mesh S2

Mesh S3

Mesh S5

Fig. 9. Meshes used in the analysis of short beam example.

Mesh Number of nodes n

S1(U1) 9 23.96
S2 81 791
S3 289 4.73
S4 1089 2.87
S5 4225 1.75
u2 273 3.66
U3 286 1.55

Fig. 10. Comparison of the percentage relative errors for a
short beam example.

n Number of iterations

Mesh Nodeless LST Nodeless LST
S1 23.96 16.81 44 44
S2 791 5.77 127 225
S3 4.73 3.48 233 450
S4 2.87 2.12 457 891
S5 1.75 1.29 891 1760

Fig. 11. Comparison of the percentage relative errors and the
number of iterations for a short beam example.

o=1[11] as shown in Fig. 8. The plane strain condi-
tion is assumed with the Poisson ratio of 0.3. Fig. 9
shows the five uniform meshes (S1 to S5) and the two
adaptive meshes (U2 and U3) used in the finite ele-
ment analysis. The table in Fig. 10 shows the num-
bers of nodes in different meshes, as well as their
computed percentage relative errors. The table also
indicates that, by starting from the uniform mesh (S1),
a relative error of less than 5% is achieved with only

Mesh U2
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Fig. 12. Comparison of solution convergences between uni-
form refinement and adaptive meshes used in the short beam
example.

one adaptive step (U2, 273 nodes and 7 = 3.66%).
Their computed percentage relative errors and the
number of iterations to achieve the error level of 10"
are shown as a table in Fig. 11. The accuracy of the
solutions obtained by using the LST elements is
slightly better than the nodeless variable elements;
however, the difference becomes smaller when the
mesh is refined. Similar to the previous example, the
nodeless variable method converges approximately
twice faster than the conventional finite element
method with the LST elements.

The solution convergence rates between the uni-
form refinement meshes and the adaptive meshes are
also presented in Fig. 12. The converge rates of all
uniform refinement meshes are relatively low due to
the solution singularity at the lower and upper left
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corners. Numerical experiment also suggests that the
nodeless variable method still performs well to pro-
vide high solution accuracy on the adaptive meshes as
compared to the uniform meshes.

5. Conclusion

The nodeless variable flux-based finite element
method was developed to analyze two-dimensional
elasticity problems. The flux-based formulation was
applied to reduce the computational complexity as
compared to the conventional finite element method.
The rate of the solution convergence was improved
by combining the method with an adaptive meshing
technique. The superconvergence patch recovery
procedure was also modified and implemented for the
nodeless variable element. The performance of the
combined procedure was evaluated by two bench-
mark examples. The examples demonstrated the effi-
ciency of the proposed method for providing accurate
solutions with rapid convergence rates as compared to
the conventional finite element method.
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